For wall turbulence, moments of velocity fluctuations are known to be logarithmic functions of the height from the wall. This logarithmic scaling is due to the existence of a characteristic velocity and to the nonexistence of any characteristic height in the range of the scaling. By using mathematics of random variables, we obtain its necessary and sufficient conditions. They are compared with characteristics of a phenomenological model of eddies attached to the wall and also with those of the logarithmic scaling of the mean velocity.
I. INTRODUCTION
Consider wall turbulence in a cylindrical pipe, in a rectangular channel, or over a flat plate. If it is stationary and if its Reynolds number is high enough, it has a layer with a constant value of the mean rate of the momentum transfer, i.e., of the Reynolds stress ρ −u z w z . Here ρ is the mass density, u z and w z are velocity fluctuations in the streamwise and vertical directions at the height z from the wall surface at the x-y plane (see Fig. 1 ), and · is the time average. This constant-stress layer is known to exhibit a logarithmic scaling of the mean streamwise velocity U z , which increases with an increase in the height z as
Here u * = −u z w z 1/2 is the friction velocity. The von Kármán constant κ is about 0.4, which is considered as a universal value [1] . Since U z depends also on the outside of the layer, we focus on its difference U z1 − U z2 .
Recent experiments and simulations have revealed the existence of another logarithmic scaling for even-order moments of the streamwise velocity fluctuations u z [1] [2] [3] [4] [5] [6] . They decrease with an increase in the height z as
at m = 1, 2, 3, ... and with
The scaling is actually not exact at m 2. From the above relation among the coefficients α m , it follows that the probability density function (PDF) of u z is closely Gaussian [3] . Then, as an idealization, we assume the exact Gaussianity and hence the exact scaling at all the orders 2m. Its height range is identical to the constantstress layer, where the scaling of the mean velocity U z is also logarithmic.
The logarithmic scaling of velocity fluctuations u z has been predicted by a phenomenological model of energycontaining eddies that are extending from or are attached to the wall, i.e., the attached eddy hypothesis [7, 8] . Nevertheless, we would like to derive it from some mathematics of the constant-stress layer. This is because such derivations exist for the scaling of the mean velocity U z [9] [10] [11] . In addition, those mathematics are by themselves of interest. We obtain the necessary and sufficient conditions for the logarithmic scaling of the velocity fluctuations u z . They are compared with characteristics of the attached eddies and of the logarithmic scaling of the mean velocity U z .
II. SCALING OF MEAN VELOCITY
We summarize one of the mathematical derivations of the logarithmic scaling of the mean velocity U z [11] , which is to be applied to velocity fluctuations u z in Sec. III. The height range of that scaling, i.e., the constantstress layer, is far from the wall and is also far from the outer region of the turbulence. While u * serves as a characteristic velocity that is a constant in units of velocity, there is no characteristic height. The difference of the mean velocity U z1 − U z2 is described by u * , z 1 , and z 2 alone.
The ratio (U z1 −U z2 )/u * is thereby invariant under the scale transformation (x, y, z) → (Λx, Λy, Λz) with Λ > 0, so long as Λz 1 and Λz 2 are left in the constant-stress layer. It is a function of the height ratio z 1 /z 2 as
Thus, the logarithmic scaling is from the existence of the characteristic velocity u * and from the nonexistence of any characteristic height in the constant-stress layer. If the characteristic velocity were also not existent, we would instead expect a power-law scaling as in the case of the inertial range of locally homogeneous and isotropic turbulence [12, 13] .
An important remark is that the constant-stress layer has no definite boundary [11] . If there were a definite boundary, it would serve as a characteristic height so that the logarithmic scaling would not exist. The constantstress layer is actually an asymptotic idealization at high Reynolds numbers, where the wall and the outer region of the turbulence are separated enough. Accordingly asymptotic is the logarithmic scaling of the mean velocity U z and of the velocity fluctuations u z .
III. SCALING OF VELOCITY FLUCTUATIONS
To derive the logarithmic scaling of velocity fluctuations u z , the following conditions are set for the constantstress layer at some fixed x-y position: (i) (u z1 − u z2 )/u * has a PDF that depends only on z 1 /z 2 for any pair of z 1 > z 2 [11] ; (ii) (u z1 − u z2 )/u * , (u z2 − u z3 )/u * , ..., and (u zN−1 − u zN )/u * do not depend on one another for any finite series of z 1 > z 2 > · · · > z N ; (iii) (u z1 −u z2 )/u * has a self-similar PDF, i.e., of the same shape, for all the pairs of z 1 > z 2 . Here, in order that the separations between the heights z n−1 and z n are larger than the characteristic length ν/u * for the viscosity ν [11], we have set it to be negligibly small. The condition (i) is an extension of that for the scaling of the mean velocity U z .
These are idealized conditions. For example, although our condition (ii) implies that the velocity differences u zn−1 − u zn are not correlated with one another, there should actually exist a correlation. Nevertheless, it is expected to be much weaker than the correlation among the velocities u zn . As described below, such conditions are at the same level of idealizations as for the Gaussianity of u z in Sec. I and for the existence of the constant-stress layer in Sec. II. Beyond these idealizations, any mathematical study would have to be deferred until more details are known (see also Table I ).
Temporarily, we extrapolate the constant-stress layer up to a hypothetical height z 0 such that u z0 is equal to 0. The range from z 0 to z is divided as
(4a) For these fluctuations, instead of the moments, we study the cumulants [14] . That of u z at the orderm is defined as
The cumulants are yet related with the moments, e.g., u
The condition (i) implies that all the summands of Eq. (4a) have the same PDF as some random variable r λ , while the condition (ii) implies that they do not depend on one another. Since any cumulant of a sum of independent random variables is the sum of cumulants of those variables [14] ,
If we rearrange Eq. (4c) to separate rm λ c / ln λ, it turns out to be independent of λ and to be some constant βm. Then, the hypothetical height z 0 is removed by taking the difference between the heights z 1 and z 2 as
Especially atm = 2, Eq. (4d) corresponds to the logarithmic scaling of u 2m z 1/m at m = 1 in Eq. (2) via β 2 = α 1 . The scaling at m 2, corresponding to um z c = 0 and thereby to βm = 0 atm 3, is not yet derived from our conditions (i) and (ii) alone.
The condition (iii) implies that the shape of the PDF is identical between the summands and the sum of Eq. (4a). Hence, u zn − u zn−1 has to follow a stable distribution [14] . If and only if the distribution is stable, the shape of its PDF is invariant under addition of its independent variables. To obtain a finite value for u 2 z c , the stable distribution has to be Gaussian. Such a Gaussian PDF yields um z c = 0 atm 3 [14] . From u On the other hand, if Eq. (2) holds, it yields our conditions (i)-(iii) via Eq. (4a). This is because any Gaussian distribution is reproduced as the distribution of the sum of any number of independent and identically distributed Gaussian random variables [14] . Thus, our conditions (i)-(iii) are necessary and sufficient for the logarithmic scaling of velocity fluctuations u z in Eq. (2). The conditions (i) and (ii) are essential The ratio (uz 1 − uz 2 )/u * has a self-similar PDF. The eddies have self-similar velocity fields.
to the existence of the characteristic velocity u * and to the nonexistence of any characteristic height, which are in turn essential to the existence of a logarithmic scaling. For example, without the condition (ii), the velocity differences u zn − u zn−1 would exhibit a correlation. Its length scale would characterize the constant-stress layer.
To restrict the logarithmic scaling to the form of Eq. (2), we have used the condition (iii), where the shape of the PDF of u z is not characterized by any scale.
IV. COMPARISON WITH PHENOMENOLOGY
The logarithmic scaling of velocity fluctuations u z has been predicted by the attached eddy hypothesis [7, 8] , which is a phenomenological model of a random superposition of energy-containing eddies that are attached to the wall. An asymptotically infinite number of such eddies are set at the same position and at the same time. While their velocity fields are self-similar to one another with a common characteristic velocity u * , their sizes are distributed with no characteristic size. The size distribution is accordingly a power law. Its exponent has been determined with conditions of the eddies near the wall so as to reproduce the constant-stress layer.
Since the velocity u z is due to attached eddies with vertical sizes larger than z, the velocity difference u z1 −u z2 is due to those between z 1 and z 2 . Then, as summarized in Table I , the characteristics of the attached eddies correspond closely to the conditions (i)-(iii) of our derivation. It serves as a mathematical explanation for those eddies to reproduce the logarithmic scaling.
The model of the attached eddies has been extended to yield a greater variety of predictions [15, 16] . However, especially if such an eddy is a coherent structure, the reason for its existence is not yet known. On the other hand, our mathematical conditions (i)-(iii) are reasonably expected for the constant-stress layer. The pursue of these mathematics is at least equally promising.
V. RELATION BETWEEN COEFFICIENTS
The coefficient α 1 of the logarithmic scaling of velocity fluctuations u z is related with the coefficient 1/κ of the scaling of the mean velocity U z , by using the mathematics described in Sec. III.
The conditions (i)-(iii) permit us to regard u z /u * as a stochastic Wiener process [17] , e.g., a Brownian motion, for the time parameter τ = ln(z 0 /z). Any process χ τ at τ 0 is a Wiener process if χ τ = 0 at τ = 0, if χ τ is a continuous function of τ , if χ τ1 −χ τ2 has a Gaussian PDF that depends only on τ 1 − τ 2 , and if χ τ1 − χ τ2 , χ τ2 − χ τ3 , ..., and χ τN−1 − χ τN do not depend on one another.
Since any Wiener process is described by a binomial random walk in the limit of its time interval δτ → 0 [17] , the velocity fluctuations u z are described as well. This is the case even if the mean velocity U z is included as χ τ = (U z + u z )/u * . We require two independent parameters to determine the Gaussian distribution of χ τ . The one is the von Kármán constant κ, while the other is set to be some constant γ > 0. For each interval of the time δτ , the displacement δχ τ = χ τ +δτ − χ τ has to be either of ±(γδτ /κ) 1/2 with a different probability p as 
They correspond to the decrease in U z /u * = χ τ and to the increase in u 2 z /u 2 * = (χ τ − χ τ ) 2 with a decrease in z/z 0 = exp(−τ ). By comparing Eq. (5b) with Eqs. (1) and (2) in their limits z 1 → z 2 ,
Thus, for the mathematical consistency, the scaling coefficient α 1 for the velocity fluctuations u z has to be proportional to the scaling coefficient 1/κ for the mean velocity U z . With κ ≃ 0.4 and γ ≃ 0.5, we reproduce the observed value of α 1 ≃ 1.2-1.3 [1] [2] [3] [4] [5] [6] . The meaning of the parameter γ is studied with the budget of the kinetic energy. We use Eq. (2) to obtain the difference in the energy of the fluctuations u z per unit volume between the heights z and z + δz,
The energy is from the Reynolds stress ρ −u z w z = ρu 2 * acting on the mean velocity U z . We use Eq. (1) to obtain
